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When observers simultaneously monitor several positions in the visual ﬁeld, distracting stimuli have a devastating eﬀect on the ability
to discriminate between similar shapes. For example, the minimum tilt necessary for an observer to discriminate between a clockwise and
anticlockwise tilt has been shown to increase with the square root of the number of untilted distractors. Here we show that these rapid
visual searches remain ineﬃcient even with extended practice. Moreover, each of our observers performed particularly poorly when
uncued targets appeared in certain idiosyncratic positions, as though he or she neglected to process part of the visual ﬁeld. This type
of neglect is not commensurate with the popular ‘max rule’ strategy, in which observers simply report the direction of the largest appar-
ent tilt. Nor is it consistent with tilt averaging. It is, however, consistent with an attentional eﬀect in which both the signal and the noise
from neglected positions are decreased, leaving the local signal/noise ratio constant. We show that our data can be well ﬁt by models in
which discriminations are based on a combination of these locally weighted, noisy signals.
 2005 Elsevier Ltd. All rights reserved.
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Visual search experiments have long suggested a role for
attention in pattern discrimination, but whether this indi-
cates a capacity limit in low-level vision remains controver-
sial. An alternative explanation is that distractors are
noisily encoded, so that they are potentially confusable
with the target; the observer reacts to this ambiguity by
choosing the noisy stimulus that is least like the distractor
prototype (the so-called ‘max rule’). In the popular orienta-
tion–identiﬁcation task (see Fig. 1) (Baldassi & Burr, 2000;
Carrasco, Talgar, & Cameron, 2001; Parkes, Lund,
Angelucci, Solomon, & Morgan, 2001; Solomon &
Morgan, 2001), widely spaced distracters have their great-
est eﬀect when displays end with a postmask (Morgan,
Castet, & Ward, 1998). On the other hand, with long expo-
sures, and/or no postmask, set-size eﬀects are smaller and0042-6989/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.visres.2005.11.026
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review see Morgan & Solomon, 2005). Since observers
can locate the sole tilted target, and therefore use some type
of Max Rule in brief, postmasked displays (Solomon &
Morgan, 2001), we wondered why they did not use the
max rule when asked to identify that target.
Before tackling that paradox, we wanted to assure our-
selves that expert observers could not learn to adopt the
max rule with suﬃcient practice. So (author) MM and
two other well-trained psychophysical observers, naı¨ve to
our purpose, each performed between 1400 and 2800 trials
of the orientation–identiﬁcation task illustrated in Fig. 1.
Before we describe the results, we ﬁrst need to elaborate
on our use of the phrase ‘widely spaced,’ above. When
the distance between target and distracters is suﬃciently
small, set-size eﬀects can be very large without postmasks,
even when the observer knows where the target is (Parkes
et al., 2001). Since these ‘crowded’ displays apparently pre-
clude use of the max rule (Palmer, 1994; Palmer, Verghese,
& Pavel, 2000), we therefore decided that our target and
distractors had to be suﬃciently spaced to avoid crowding.
Time
1.0 s
0.1 s
0.5 s
Fig. 1. Diagram of trial sequence in the main experiment. Twelve (or for
some observers, eight) Gabor patterns appear for 0.1 s. Twelve (eight) or
(as in this case) one limb of a spatial cue precedes the Gabor array by 1 s.
A random noise postmask follows it immediately. Observers must report
the direction of the target’s tilt.
1 These P values are deﬁned as 1 v22 (2lnK), where K is the ratio
between the maximum likelihood that the data from the two conditions
were generated by the same (Gaussian) psychometric function (see Section
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The display (resolution: 512 · 512 square pixels, 100 Hz; background
luminance halfway between the minimum and maximum of 0 and 75 cd/
m2) was programmed in MATLABTM and generated by a Cambridge
Research Systems VSGTM 2/3 graphics card. The viewing distance was
0.7 m. MM and CG wore corrective lenses.
Half a second after the observer’s response, a set of (1 · 1 deg)
white-outline boxes in the potential target positions was presented for
1 s. On ‘cued’ trials the boxes were accompanied by a 2-deg line seg-
ment connecting the ﬁxation point to the nearest point 2 deg from
the centre of the target box. On ‘uncued’ trials, all positions were pre-
cued. After 1 s, the target and distracters (Gabor patterns that were
products of Gaussian blobs with space constant r = 0.1875 deg centred
4 deg from ﬁxation, and 3-cycle/deg sinusoids with randomised phase)
were revealed. After a further 0.1 s, target and distracters were extin-
guished, and the postmask (in which the luminance of each pixel within
each of the boxes was randomly determined from a uniform distribu-
tion) was revealed. After a further 0.5 s, the postmask was extinguished,
and the observer was required to identify the direction of the target’s
tilt (CW or ACW) by pressing the corresponding button. Correct
responses were indicated with a tone. (All responses to untilted targets
were considered correct.)
Each block of 140 trials contained 10 cued trials and 10 uncued tri-
als with targets (in random positions) having each of seven tilts: 3n,
2n, n, 0, n, 2n, 3n; where the minimum tilt n, necessary to produce
smooth psychometric functions, was determined by a brief, informal,
preliminary experiment. These psychometric functions (see Fig. 2 for
an example) were maximum-likelihood ﬁt with a two-parameter (l
and r) cumulative Gaussian distribution, where r was understood to
be the threshold tilt for orientation identiﬁcation. l reﬂects the response
bias, it is the target tilt that is seen as clockwise and anticlockwise with
equal frequency.2) and the maximum likelihood that they were generated by two
psychometric functions having diﬀerent threshold and bias parameters
and v22 is the cumulative distribution function of a v
2 random variable with
2 degrees of freedom.
2 Measurement error would cause exactly half the ratios to exceed any
theoretical value. Since all 12 ratios for MM, 10 ratios for CG, and 8
ratios for AJ are greater than that predicted by the max rule, a comparison
with the binomial distribution suggests that, for each observer, we can be
more than 95% certain the actual ratio exceeds that predicted by the max
rule.3. Results
To verify the absence of crowding, observer perfor-
mances in two conditions needed to be identical; one in
which distracters were absent and another in which
distracters were present, but the target position was cued,
one second prior to the display onset. Fig. 2A conﬁrms thatcrowding was absent for MM (P value:1 0.58), but similar
conﬁrmation could not be obtained for the naı¨ve observers.
Consequently, these observers were asked to try again with
eight positions (i.e., one target and either zero or seven
distracters), equally spaced along the same iso-eccentric cir-
cle, on which 12 stimuli were displayed to MM (as in
Fig. 1). With eight positions, AJ’s performances
(Fig. 2B), were similar in the two conditions (P value:
0.60), but CG’s still showed some evidence of crowding
(P value: 4.5 · 105): despite the precue, distracters still
had an adverse eﬀect on her performance. This can be seen
by comparing the slopes of the two (psychometric) func-
tions in Fig. 2C. Thus, the distracters have elevated the
threshold tilt. Nonetheless, CG was allowed to complete
the main experiment, in which we looked for practice
eﬀects on postmasked searches. Here it should be noted
that we intentionally refrained from placing any targets
or distracters on the horizontal and vertical meridians, on
the basis of previous research, which has established that
targets directly above ﬁxation are particularly diﬃcult to
identify, whether cued or not (Carrasco et al., 2001).
Results of the main experiment (illustrated in Fig. 1) are
shown in Fig. 3. Panels A–C show the evolution of tilt
thresholds for cued and uncued targets in a sequence of
140-trial blocks. These curves are all pretty ﬂat. Notable
exceptions areMM’s uncued curve, which does seem to have
a gradient just less than zero and both of CG’s curves, which
drop after the second block of trials. For all observers, the
log ratio between uncued and cued thresholds (i.e., the verti-
cal interval between the curves) exceeded that predicted by
the max rule (vertical gray lines), throughout the duration
of the experiment. Thus, we can be conﬁdent2 that large cue-
ing eﬀects, the hallmark of attentional capacity limits (Palm-
er et al., 2000), survive even considerable practice.
Most models of search (see Appendix A) assume that
the visual system noisily encodes each distracter and tar-
get along the relevant perceptual dimension; in this case,
tilt. Therefore, within the framework of any search model,
an attentional capacity limit could manifest as increased
noise. To investigate the spatial distribution of the perfor-
mance-limiting noise, we estimated threshold as a function
of target position, twice, for each observer; once for the
early blocks (Figs. 3D–F), and again for the more recent
blocks (panels G–I). Of the three observers, only MM’s
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Fig. 2. Eﬀect of distracters on cued targets. A comparison of psychometric functions (two-parameter Gaussians) ﬁt to data obtained with and without
distracters (circles/broken line and boxes/solid line, respectively), reveals no eﬀect for MM (A; 11 distracters) or AJ (B; 7 distracters), but a small eﬀect
(i.e., ‘crowding’) for CG (C; 7 distracters).
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Fig. 3. Results of the main experiment. (A–C) Tilt thresholds as a
function of target position in the early (D–F) and late blocks (G–I). A
comparison between these epochs reveals stable, idiosyncratic positional
eﬀects. Only very large tilts can be correctly identiﬁed when the target
appears in certain ‘neglected’ positions. Note that the scale in the polar
plots is logarithmic (base 10) and that 0.5 log units have been added to
every point to prevent negative numbers. Oﬀ-scale thresholds for CG are
in excess of 200 deg.
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epochs (P values3 were AJ: 0.19, CG: 0.74, MM: 0.02).
Before proceeding, it must be noted that the spatial distri-
butionofperformance-limitingnoise cannotbe inferred from
these thresholdswithout knowinghowanobserver combines
information from each position when selecting a response.
This issue will be addressed below. First, consider the shapes
of these plots. They certainly are not very circular (i.e., they
are anisotropic). In general, the uncued curves in particular
appear to be elongated vertically (Carrasco et al., 2001), indi-
cating that performance was particularly poor when uncued
targets appeared near the top and/or bottom of the display.
Idiosyncrasies also emerged. CG and, to some extent,
AJ’s performanceswereworstwhenuncued targets appeared
near 11:00onavirtual clockface.MMperformedworstwhen
the target appeared near 5:00 o’clock. Idiosyncrasies such as
this would be have been lost, had data been pooled across a
large number of observers as in previous studies (Carrasco
et al., 2001). Of the cued performances, onlyMM’s were sig-
niﬁcantly anisotropic (P values4 were AJ: 0.51, CG: 0.10,
MM: 0.0003); but alluncuedperformanceswere signiﬁcantly
anisotropic (P values were all less than 0.001).
4. Discussion
Now let us consider the implications of this anisotropy for
observer decision strategies. When adopting the Max Rule,3 These P values are deﬁned as 1 v2N (2 lnK), where N is the number of
possible target positions, K is the ratio between the maximum likelihood
that the data from the two epochs were generated by the same N
(Gaussian) psychometric functions (see Section 2) and the maximum
likelihood that they were generated by (2N) psychometric functions having
diﬀerent threshold parameters and v2N is the cumulative distribution
function of a v2 random variable with N degrees of freedom.
4 These P values are deﬁned as 1 v2N1 (2 lnK). In this case, K is the
ratio between the maximum likelihood that the all the data were generated
by the same psychometric function, regardless of target position, and the
maximum likelihood that they were generated by N psychometric
functions—one for each target position—having diﬀerent threshold
parameters (but identical bias parameters).most incorrect identiﬁcation responses will stem from the
most noisily encoded position, i.e., where perceived tilt has
the greatest variance. Therefore target position should not
matter greatly. Increasing the noise at any one position will
result in similar elevations of threshold for all targets.
Indeed, were the noise eﬀectively zeroed in all but one posi-
tion, the Max Rule would predict that threshold should
become completely independent of target position (proof
in Appendix B). Thus, we can be certain that our observers
did not use the Max Rule.
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Fig. 4. Fits of Weighted Averaging and Weighted Max models. The circles and boxes reﬂect cued and uncued thresholds, respectively, a theoretically
estimated from psychometric data. Curves reﬂect maximum-likelihood ﬁts to those same (raw) psychometric data. The Weighted Averaging model (D–F),
which overestimates two observers’ uncued thresholds but adequately reﬂects their anisotropy, has 2N  1 free parameters, where N is the number of
possible target positions. The Weighted Max model (A–C) also has 2N  1 free parameters. The polar plots follow the conventions of Fig. 3.
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not ideal (Solomon & Morgan, 2001).5 The ideal observer
selects the most likely orientation (clockwise or anticlock-5 For comparison, assume the orientation of each Gabor is perturbed by
zero-mean Gaussian noise with a variance of 1 deg. According to the Max
Rule, threshold with 11 distracters should be 2.45 deg, i.e., a 2.45-deg
target will be identiﬁed with 84% accuracy. However, the ideal observer
would correctly identify a 2.45-deg tilt with 87% accuracy. From this we
can infer its uncued threshold should be about 2.17 deg; 11% lower.wise), given all possible events. When there is little noise
at the target position, performance should be excellent,
regardless how much noise is added to each distractor. In
particular, if position A had twice as much noise as posi-
tion B, then the ideal decision rule predicts that the thresh-
old for an uncued target in position A should be more than
twice the threshold for an uncued target in position B.
Thus, our results appear to be at least qualitatively consis-
tent with an ideal decision rule and inhomogeneously
1872 M.J. Morgan, J.A. Solomon / Vision Research 46 (2006) 1868–1875increased noise. On the other hand, without a concomitant
increase in noise, set-size eﬀects are too large to be consis-
tent with an ideal decision rule.
Limited computational power precludes ﬁnding the
position-speciﬁc noise-increases that best ﬁt our results,
given an ideal decision rule. However, there are simpler
models that can be ﬁt. One such model that been suggested
as an alternative to increased noise is tilt averaging, in
which responses are based on the mean perceived tilt (Par-
kes et al., 2001). (Tilt averaging is opposite the Max Rule
on the continuum of pooling models described by Minkow-
ski summation.) Of course, thresholds based on true aver-
ages must be isotropic, but thresholds based on weighted
averages need not. Best ﬁts of a weighted averaging model
(e.g., Kinchla, Chen, & Evert, 1995) are shown in Fig. 4
(panels D–F; details in the Appendix A). These ﬁts reﬂect
the anisotropy of actual thresholds very well, but—for
MM and AJ, who showed no evidence of crowding—the
ﬁts also largely over-estimate the set-size eﬀect; i.e., most
predictions are too high. For CG, who did show evidence
of crowding in Fig. 2, the ﬁt is excellent. It may be that
(weighted) averaging is a better model for identiﬁcation
in the context of crowding (Parkes et al., 2001), rather than
in the more general context of visual search. Note that
none of the ﬁts could be improved by the addition of late
noise to the decision process (Baldassi & Burr, 2000; Parkes
et al., 2001). Illustrative ﬁts of the weighted averaging mod-
el to full psychometric functions are shown for observer AJ
in Fig. 5.
For completeness, we also consider a weighted max
model, in which anisotropic weighing of orientation esti-
mates is followed by the Max Rule, instead of averaging.
Best ﬁts of this weighted max model (details in Appendix–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
–10 –5 0 5 10
0
0.5
1
P(
CW
 re
sp
on
se)
Target angle (deg)
A B
C D
E F
G H
Fig. 5. Illustrative ﬁts of the weighted averaging model to AJ’s psycho
metric functions. (A) Shows the data from the 330 deg position (see Fig. 4
and (B–H) are for the remaining positions, reading anti-clockwise. Circles
are for cued and rectangles for the uncued condition.-
)A) are shown in Fig. 4A–C. Like the weighted averaging
ﬁts, these reﬂect the anisotropy of actual thresholds. For
AJ and CG, ﬁts of the weighted averaging model were bet-
ter than those of the weighted max model. The diﬀerences
in log likelihoods for the two models were 32, 20, and 30
for MM, CG, and AJ, respectively. Because neither model
is a nested version of the other there is no straightforward
way of attaching signiﬁcance values to these diﬀerences,
but diﬀerences of greater than 3 are generally thought to
be worth taking seriously.
ForMM, theﬁt of theweightedmaxmodelwasbetter.We
point out that this observer was required to monitor 12 posi-
tions, whereas the other two observerswere required tomon-
itor just 8. Elsewhere (Solomon & Morgan, 2001) we have
shown that, with just two positions, averaging and the max
rulebothproduce idealbehaviour.Asthenumberofpositions
increases, the max rule becomes less eﬃcient, but averaging
becomes less eﬃcient even faster (Baldassi & Verghese,
2002). Thus one could argue that with 12 positionsMM had
even more incentive to reject a strategy based on averaging.
Finally, it seems that if an observer were compelled to
adopt a strategy of weighing orientation estimates prior
to averaging or using a Max Rule, the most sensible
weights would be those that minimized contributions from
positions having high variance. This prediction could have
been conﬁrmed by a regression analysis, but in fact proved
signiﬁcant (P < 0.03) for MM alone.
All observers (including author MM) were considerably
surprised by the anisotropy of their thresholds when they
came to know of them. None reported a conscious decision
to ignore certain positions or concentrate on others. In a
way, their behaviour (with brief, postmasked displays) par-
allels that of a patient with unilateral neglect: as in neglect,
certain positions appear to be ignored only when distract-
ing stimuli appear elsewhere (Driver & Vuillemier, 2004;
Driver, Vuillemier, & Husan, 2003).
Patients with parietal lesions can overcome their neglect
in some cases. To see if this would be true here, MM ran
the experiment again, attempting to concentrate on his pre-
viously neglected position near 5:00 o’clock. Fig. 6 shows
that the eﬀort was only partially successful. Improvement
in the lower right visual ﬁeld was obtained at a cost to
the lower left. The overall performance averaged over posi-
tions remained the same (Fig. 5 right-hand half); thresholds
derived from the psychometric functions changed insignif-
icantly from 8.50 to 8.46 deg. The anisotropy remained
highly signiﬁcant (P < .001).
We conclude that visual search for a brieﬂy presented,
postmasked, tilted target is capacity limited, in the sense
that performance is much worse than predicted by the sim-
ple Max Rule. Capacity limitations apparently make it
impossible for observers to monitor all the potential targets
eﬃciently, and they react by virtually neglecting certain
positions at the expense of others. The positions that are
neglected are only partly predictable from the noise that
is measured in the cued condition. The correlations (Ken-
dall’s s) between uncued and cued thresholds (see Fig. 2)
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could be shifted to some extent by attending to previously
neglected positions (Fig. 5). Given that some positions
have to be neglected, the observer apparently reacts ideally
by giving little weight to these positions. We suggest that
this apparently unconscious weighting of attention in nor-
mal observers may serve as a useful model for the clinical
condition of neglect.Acknowledgment
This study was supported by a Grant from the EPSRC.6 For any unbiased observer, the probability of correctly identifying a
clockwise target is identical to the probability of correctly identifying an
anticlockwise target. Thus, we need only consider the latter.Appendix A
In our analyses, the simple and weighted Max Rules, the
ideal observer and weighted averaging all adhere to Signal-
Detection Theory (Green & Swets, 1966), in which the ori-
entation of each Gabor is encoded independently, with
additive Gaussian noise. For simplicity, we adopt the fol-
lowing notation for normal density (PDF) and distribution
(CDF):
f ðx; l; rÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
r
e
ðxlÞ2
2r2 ð1Þ
and
F ðx; l; rÞ ¼
Z x
1
du f ðu; l;rÞ. ð2Þ
In our models, when a Gabor in position i has tilt h, the
density and distribution of its apparent tilt can be abbrevi-
ated as
fh;iðxÞ ¼ f ðx; hþ li;riÞ ð3Þ
and
F ðxÞ ¼ F ðx; hþ l ; r Þ. ð4Þh;i i iFor an unbiased observer, the average apparent tilt would
equal the actual tilt (i.e., li = 0). For the biased observer,
the sensory bias li, is indistinguishable from a physical tilt.
All of our model observers were unbiased.
Let Eh,i denote the generic event that a target appears in
position i, with (anticlockwise) tilt h > 0.6 Let Xi describe
the target’s apparent tilt and Xj, j5 i describe a distracter’s
apparent tilt. If Xi = x, the target will have a larger appar-
ent tilt (clockwise or anticlockwise) than any of the
distracters when |Xj| < x, "j5 i. When all apparent tilts
are independent, this will happen with probabilityQ
j 6¼iP ðjX jj < xÞ ¼
Q
j 6¼i½F 0;jðxÞ  F 0;jðxÞ. Thus,
R1
0
dx
f h;iðxÞ
Q
j 6¼i½F 0;jðxÞ  F 0;jðxÞ is the probability that the tar-
get produces a larger (anticlockwise) apparent tilt than any
of the distracters and
R1
0
dx f 0;jðxÞ½F h;iðxÞ  F h;iðxÞQ
k 6¼i;j½F 0;kðxÞ  F 0;kðxÞ is the probability that a distracter
in position j produces a larger (anticlockwise) apparent tilt
than the target (still in position i) or any of the other
distracters. Thus, according to the simple Max Rule, the
probability of a correct identiﬁcation I, is
PMaxðI jEh;iÞ ¼
Z 1
0
dx f h;iðxÞ
Y
j6¼i
½F 0;jðxÞ  F 0;jðxÞ
þ
X
j 6¼i
Z 1
0
dx f 0;jðxÞ½F h;iðxÞ  F h;iðxÞ

Y
k 6¼i;j
½F 0;kðxÞ  F 0;kðxÞ. ð5Þ
For the Weighted Max Rule, an arbitrary weight ai can
be assigned to the apparent tilt in each position. Thus,
the probability of a correct identiﬁcation becomes
1874 M.J. Morgan, J.A. Solomon / Vision Research 46 (2006) 1868–1875PWtMaxðI jEh;iÞ ¼
Z 1
0
dx f aih;aiiðxÞ
Y
j 6¼i
½F 0;ajjðxÞ
 F 0;ajjðxÞ þ
X
j 6¼i
Z 1
0
dx f 0;ajjðxÞ
 ½F aih;aiiðxÞ  F aih;aiiðxÞ

Y
k 6¼i;j
½F 0;akkðxÞ  F 0;akkðxÞ. ð6Þ
The ideal observer selects the most likely orientation
(clockwise or anticlockwise), given all possible events. In
order to compute its accuracy PIdeal(I|Eh,i), we need to
determine how many of the possible sensations are more
likely under the null hypothesis H0:h > 0 than under the
alternative H1:h < 0 [NB: PIdeal (I|E0,i) = 1/2 " i].
In particular, let [a>0Ea, and [a<0Ea, denote all possible
events given an anticlockwise and clockwise target, respec-
tively. Let the vector x = [x1 x2    xN] represent the sensa-
tions arising from each position on a given trial. Thus,
P IdealðI jEh;iÞ ¼
Z 1
1
dxN   
Z 1
1
dx1 PðxjEh;iÞ
 H ½Pðxj[a>0Ea;Þ  P ðxj[a<0Ea;Þ
¼
Z 1
1
dxN   
Z 1
1
dx1 PðxjEh;iÞ
 H
X
j
X
a>0
P ðxjEa;jÞ 
X
a<0
PðxjEa;jÞ
" # !
; ð7Þ
where H (x) is the (Heaviside) unit-step function:
HðxÞ ¼
1 x > 0;
1=2 x ¼ 0;
0 x < 0.
8><
>: ð8Þ
Therefore
P IdealðI jEh;iÞ ¼
Z 1
1
dxN   
Z 1
1
dx1 fh;iðxiÞ
Y
k 6¼i
f0;kðxkÞ
 H
X
j
Y
l 6¼j
f0;lðxlÞ
X
a>0
fa;jðxjÞ  fa;jðxjÞ
" #
.
ð9Þ
Finally, an observer who, prior to averaging, applies a
weight of ai to the apparent tilt in position i, will respond
with accuracy
PAvgðI jEh;iÞ ¼ F 0;1 aihﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2l þ
P
j
ajr2j
r
0
BB@
1
CCA; ð10Þ
where r2l denotes the variance of the late Gaussian noise.Appendix B
Here, we prove that if the noise were eﬀectively zeroed in
all but one position, the Max Rule would predict thatthreshold should become completely independent of target
position. Following the notation introduced in Appendix
A, let rj= 0 " j5 1. This eﬀectively zeroes the noise in
all but the ﬁrst position. Consequently,
fh;jðxÞ ¼ dðx hÞ ð11Þ
and
F h;jðxÞ ¼ Hðx hÞ ð12Þ
for all j5 1. NB: the delta function d (x  h) is the deriva-
tive of the unit step. Now consider the probability of a cor-
rect identiﬁcation in the event that the target appears at the
noisy position. From Eq. (5) we have
PMaxðI jEh;1Þ ¼
Z 1
0
dx f h;1ðxÞ
Y
j 6¼1
½F 0;jðxÞ  F 0;jðxÞ
þ
X
j6¼1
Z 1
0
dx f 0;jðxÞ½F h;1ðxÞ
 F h;1ðxÞ
Y
k 6¼i;1
½F 0;kðxÞ  F 0;kðxÞ. ð13Þ
Substituting (11) and (12) into (13) we have
PMaxðI jEh;1Þ ¼
Z 1
0
dx f h;1ðxÞ
Y
j 6¼1
½HðxÞ  HðxÞ
þ
X
j6¼1
Z 1
0
dx dðxÞ½F h;1ðxÞ  F h;1ðxÞ

Y
k 6¼i;1
½HðxÞ  HðxÞ. ð14Þ
However, d (x) [H (x)  H (x)] = 0 " x, thus (14) can be
greatly simpliﬁed to:
PMaxðI jEh;1Þ ¼
Z 1
0
dx f h;1ðxÞ. ð15Þ
Finally, this can be expressed as a function of the standard
normal c.d.f.
PMaxðI jEh;1Þ ¼ 1 Uðh=r1Þ. ð16Þ
Now consider the probability of a correct identiﬁcation
in the event that the target appears at another position.
Again, from Eq. (5) we have
PMaxðI jEh;jÞ ¼
Z 1
0
dx f h;jðxÞ½F 0;1ðxÞ  F 0;1ðxÞ

Y
i 6¼j;1
½F 0;iðxÞ  F 0;iðxÞ
þ
Z 1
0
dx f 0;1ðxÞ½F h;jðxÞ  F h;jðxÞ

Y
k 6¼j;1
½F 0;kðxÞ  F 0;kðxÞ
þ
X
i6¼j;1
Z 1
0
dx f 0;iðxÞ½F h;jðxÞ  F h;jðxÞ
 ½F 0;1ðxÞ  F 0;1ðxÞ
Y
k 6¼j;1;i
½F 0;kðxÞ  F 0;kðxÞ.
ð17Þ
Substituting (11) and (12) into expression (17), we have
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Z 1
0
dx dðx hÞ½F 0;1ðxÞ  F 0;1ðxÞ

Y
i6¼j;1
½HðxÞ  HðxÞ
þ
Z 1
0
dx f 0;1ðxÞ½Hðx hÞ  Hðx hÞ

Y
k 6¼j;1
½HðxÞ  HðxÞ
þ
X
i6¼j;1
Z 1
0
dx dðxÞ½Hðx hÞ  Hðx hÞ
 ½F 0;1ðxÞ  F 0;1ðxÞ
Y
k 6¼j;1;i
½HðxÞ  HðxÞ.
ð18Þ
Again, since d (x) [H (x)  H (x)] = 0 " x, the last term of
(18) disappears and the ﬁrst two can be greatly simpliﬁed to:
PMaxðI jEh;jÞ ¼ F 0;1ðhÞ  F 0;1ðhÞ þ
Z 1
h
dx f 0;1ðxÞ
¼ F 0;1ðhÞ  F 0;1ðhÞ þ 1 F 0;1ðhÞ
¼ 1 F 0;1ðhÞ
¼ 1 Uðh=r1Þ
¼ PMaxðI jEh;1Þ. ð19Þ
Q.E.D.
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